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Abstract. For a probability measure µ and for square integrable fields (A t ) and (B t ) (t ∈ Ω) of commuting normal operators we prove Landau type inequality
for all X ∈ B(H) and for all unitarily invariant norms ||| · |||.
For Schatten p-norms similar inequalities are given for arbitrary double square integrable fields. Also, for all bounded self-adjoint fields satisfying C ≤ A t ≤ D and E ≤ B t ≤ F for all t ∈ Ω and some bounded self-adjoint operators C, D, E and F , then for all X ∈ C |||·||| (H)
we prove Grüss type inequality
More general results for arbitrary bounded fields are also given.
Introduction
The Grüss inequality [10] , as a complement of Chebyshev's inequality, states that if f and see [19] for several proofs of this inequality in the discrete form. It has been the subject of intensive investigation, in which conditions on functions are varied to obtain different all X ∈ C 1 (H) (see inequality (IV.38) in [3] ). For f, g ∈ H, we will denote by g * ⊗ f one dimensional operator (g * ⊗ f )h = h, g f for all h ∈ H, known that the linear span of {g * ⊗f | f, g ∈ H is dense in each of C p (H) for 1 ≤ p ≤ ∞. Schatten p-norms are also classical examples of p-reconvexized norms. Namely, any u.i. norm · Φ could be p-reconvexized for any p ≥ 1 by setting A Φ (p) = |A| Φ for all A ∈ B(H) such that |A| p ∈ C Φ (H). For the proof of the triangle inequality and other properties of these norms see preliminary section in [15] ; for the characterization of the dual norm for p-reconvexized one see Th. 2.1 in [15] . for any Y ∈ C 1 (H). In addition, if all these functions are in L 1 (Ω, µ), then according to the fact that B(H) is the dual space of C 1 (H), for any E ∈ M there will be the unique operator I E ∈ B(H), called the Gel'fand (Gelьfand) or weak * -integral of A over E, such that
We will denote it by E A t dµ(t), E A dµ or exceptionally by G E A dµ, if the context requires to distinguish this one from other types of integration.
A practical tool for this type of integrability to deal with is the following
In view of Lemma 1.1,the basic definition (1.2) of Gel'fand integral for o.v. functions can be reformulated as follows:
for some E ∈ M and a B(H)-valued function A on E, then the mapping f → E A t f, f dµ(t) represents a quadratic form of (the unique) bounded operator (denoted by) E A dµ or E A t dµ(t), (we refer to it as to "intuitive" integral of A over E), satisfying
as well as 
.
If additionally
by |||·|||, in view of both Definition 1 and equality (3) in [13] we now get
Thus we have recognized the space L (2) . Therefore the normability and the completeness of the space L 2 G (Ω, dµ, C Φ (H)), as stated in Theorem 2.1 in [13] , follow immediately. This effectively gives us a representation of L 2 G (Ω, dµ, C Φ (H)), as a Hilbert module over a Banach * -algebra C Φ (H) with its 
for all X ∈ C |||·||| (H).
Normality and commutativity condition can be dropped for Schatten p-norms as shown in Theorem 3.3 in [13] . In Theorem 3.1 in [14] a formula for the exact norm of the i.p.t.
is given for two specific cases:
, where Φ * stands for a s.g. function related to the dual space (C Φ (H)) * .
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Also, as already noted in [14] at the end of page 2964, the norm appearing in (1.4) equals to a square root of the norm of the i.p.t. integral transformer X → Ω A * t XA t dµ(t) when acting from B(H) to C Φ (H). As this quantity actually presents a norm on the Ba-
As the objects of consideration in all those spaces are families of operators, from now on we will refer to such objects as to field of operators (for example
. When we additionally require that the adjoint field of operators
, then we will say that (A t ) t∈Ω in doubly µ square
The norm appearing in (1.6) and its associated space L 
for an arbitrary pair of s.g. functions Φ and Ψ. For the proof of completeness of the space
The potential for finding Grüss type inequalities for i.p.t. integral transformers relies on the fact that
is also an i.p.t. integral transformer. As the representation for an i.p.t. integral transformer is not unique (as a rule), the successfulness of the application of some known inequalities to Ω A t ⊗ B t dµ(t) − Ω A t dµ(t) ⊗ Ω B t dµ(t) mainly depends on the right choice for its representation.
Before exposing main results, we will draw our attention to the following lemma, which we will use in the sequel. Lemma 1.4. If µ is a probability measure on Ω, then for every field
for all B ∈ B(H), for all unitarily invariant norms ||| · ||| and for all θ > 0,
Thus, the considered minimum is always obtained for B = Ω A t dµ(t).
Proof. The expression in (1.8) equals
Inequality in (1.9) follows from (1.8), while identity in (1.9) is just a a special case of Lemma 2.1 in [13] applied for k = 1 and δ 1 = Ω. 
Main results
Let us recall that for a pair of random real variables (Y, Z) its coefficient of correlation
For square integrable functions f and g on [0, 1] and D(f, g)
Landau proved (see [17, 18] )
and the following theorem is a generalization of these facts to i.p.t. integral transformers.
Theorem 2.1 (Landau type inequality for i.p.t. integral transformers in u.i. norm ideals).
If µ is a probability measure on Ω, let both fields (A t ) t∈Ω and
consisting of commuting normal operators and let
and
Proof. First we note that we have the following Korkine type identity for i.p.t. integral transformers:
In this representation we have (
because by an application of the identity (2.2), 
due to identities (2.2) and (2.3). And so the conclusion (2.1) follows. DOR-DE KRTINIĆ, AND MOHAMMAD SAL MOSLEHIAN
Lemma 2.2. Let µ (resp. ν) be a probability measure on Ω (resp. ℧), let both families {A s , C t } (s,t)∈Ω×℧ and {B s , D t } (s,t)∈Ω×℧ consist of commuting normal operators and let
Proof. Apply Theorem 2.1 to the probability measure µ×ν on Ω×℧ and families (A s C t ) (s,t)∈Ω×℧
and similarly
By the use of the mathematical induction, the previous lemma enables us to get straightforwardly the following Corollary 2.3. If µ, (A t ) t∈Ω and (B t ) t∈Ω are as in Theorem 2.1, then for all n ∈ N and for
, where i (resp. j) stands for the cardinality of {k ∈ N | 1 ≤ k ≤ n & * k = * } and (resp.
For the Schatten p-norms · p normality and commutativity conditions can be dropped, at the inevitable expense of the simplicity for its formulation. So we have the following
Theorem 2.4 (Landau type inequality for i.p.t. integral transformers in Schatten ideals).
Let µ be a probability measure on Ω, let (A t ) t∈Ω and (B t ) t∈Ω be µ-weak * measurable families of bounded Hilbert space operators such that
and let p, q, r ≥ 1 such that
Proof. According to identity (2.3), application of Theorem 3.3 in [13] to families (A s − A t ) (s,t)∈Ω 2 and (B s − B t ) (s,t)∈Ω 2 gives
By application of identity (2.3) once again, the last expression in (2.5) becomes
2 ) by Y (resp. Z), then the expression in (2.5) becomes
By a new application of identity (2.3) to families (Y A t ) t∈Ω and (ZB * t ) t∈Ω (2.6) becomes
which obviously equals to the righthand side expression in (2.4).
A special case of an abstract Hölder inequality presented in Theorem 3.1.(e) in [13] gives us Theorem 2.5 (Cauchy-Schwarz inequality for o.v. functions in u.i. norm ideals). Let µ be a measure on Ω, let (A t ) t∈Ω and (B t ) t∈Ω be µ-weak * measurable families of bounded Hilbert space operators such that Ω |A t | 2 dµ(t) θ and Ω |B t | 2 dµ(t) θ are in in C |||·||| (H) for some θ > 0 and for some u.i. norm ||| · |||. Then,
Proof. Take Φ to be a s.g. function that generates u.i. norm ||| · |||,
(2-reconvexization of Φ), α = 2θ and X = I, and then apply 3.1.(e) from [13] . Now we can easily derive the following generalization of Landau inequality for Gel'fand integrals of o.v. functions: Theorem 2.6 (Landau type inequality for o.v. functions in u.i. norm ideals). If µ is a probability measure on Ω, θ > 0 and (A t ) t∈Ω and (B t ) t∈Ω are as in Theorem 2.5, then,
Proof. Apply Theorem 2.5 to o.v. families (A s − A t ) (s,t)∈Ω 2 and (B s − B t ) (s,t)∈Ω 2 and use
identity (2.2) once again. DOR-DE KRTINIĆ, AND MOHAMMAD SAL MOSLEHIAN
For for the more general inequality in an arbitrary Hilbert C * -module see Theorem 3.4 in
[11]. A case θ = 1 and ||| · ||| = · in Theorem 2.6 offers the proof for Hilbert C * -module dµ, B(H) ) in case of the lifted projection h(t) = I for all t ∈ Ω. Case θ = 1 and ||| · ||| = · 1 of Theorem 2.6 offers the proof for the stronger version of
Corollary 2.7. Under conditions of Theorem 2.6 we have
Proof. An application of (2.7) for θ = 1 and ||| · ||| = · 1 justifies (2.9), while (2.8) and all the remaining identities in (2.10) are obtainable by a straightforward calculations, based on elementary properties of the trace tr and Gel'fand integrals: Let µ be a σ-finite measure on Ω and let A = (A t ) t∈Ω and B = (B t ) t∈Ω be [µ] a.e. bounded fields of operators. Then for all X ∈ C |||·||| (H),
sup is taken over all measurable sets δ ⊆ Ω such that 0 < µ(δ) < ∞).
and let us note that
goes similarly. By identity (2.2) applied to probability measure
µ on δ and Lemma 1.4
we then have
and therefore
Similarly,
Those inequalities show that subfields (A t − A s ) (s,t)∈δ×δ and (B t − B s ) (s,t)∈δ×δ are in
µ, B(H)), and therefore according to identity (2.2) and Lemma 3.1(c) from [13] , instead if (2.12) (resp. (2.13)) in (2.14).
Now we turn to the less general case when (A t ) t∈Ω and (B t ) t∈Ω are bounded fields of self-adjoint (generally non-commuting) operators, in which case the above inequality has the following form.
Corollary 2.9. If µ is a probability measure on Ω, let C, D, E, F be bounded self-adjoint operators and let (A t ) t∈Ω and (B t ) t∈Ω be bounded self-adjoint fields satisfying C ≤ A t ≤ D and E ≤ B t ≤ F for all t ∈ Ω. Then for all X ∈ C |||·||| (H), Ω A t XB t dµ(t) − A . Thus (2.15) follows directly from (2.11).
Remark 2.10. Note that similar to the estimate (2.14) the righthand side of (2.15) can be improved to in the inequality (2.15).
Taking Ω = {1, . . . , n} and µ to be the normalized counting measure we get another corollary of Theorem 2.9, which gives us the following Corollary 2.11 (Grüss type inequality for elementary operators). Let A 1 , . . . , A n , B 1 , . . . , B n , C, D, E and F be bounded linear self-adjoint operators acting on a Hilbert space H such that C ≤ A i ≤ D and E ≤ B i ≤ F for all i = 1, 2, · · · , n then for arbitrary X ∈ C |||·||| (H),
